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Abstract 
By employing special continued fractions to two Stieltjes series with nonzero radii of convergence we extend the 
inequalities for one-point PadC approximants reported by Baker (1975, Corollory 17.1) to the case of two-point Padi: 
approximants. We prove that some convergents of the continued fractions form a monotone sequences of upper and 
lower bounds converging uniformly to Stieltjes function xf, (x) on compact subsets of (-R, UJ), where R is a radius of 
convergence of an expansion of xfi(x) at x = 0. For an illustration of theoretical results we provide nontrivial numerical 
examples. As an application to real physical problems second order Pad& approximants’ bounds on the effective 
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1. Introduction 
Two-point Padi approximants (2PPA) to a Stieltjes function represented by power series 
developed at zero and infinity have been examined in [6,9-13, 161. The studies were concerned 
mainly with diagonal 2PPA corresponding to equal number of coefficients of two Stieltjes series 
halanced situations rh. 9-l 21. Some Gmnle cases of two-noint Pad& annroximants to non-eonal \---------- - I L-2 __~. _ _____ i_--_r_- r ----- - _.__ __TT- _.______.___L _- __- - - 1 ----- 
number of two power series coefficients (unbalanced situation) have been investigated in [16-181. 
A special type of two-point Padi: approximants has been examined in [16]. 
The present work investigates in a real domain a convergence of unbalanced Pad& approximants 
to two Stieltjes series with nonzero radii of convergence. The main aim is to establish in terms of 
two- and three-point Pad& approximants the best upper and lower bounds on the Stieltjes function 
Xfl(4. 
This paper is organized as follows: In Section 2 we introduce the basic definitions, notations and 
assumptions dealing with the Stieltjes function xfi(x) and diagonal two- and three-point Padi: 
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approximants to xfi (x). In Section 3 we recall the important results for one-point Pad& approxi- 
mants [M/M]e. In Section 4 we derive a continued fraction representations for [M/Mlk and 
[M/MIk. General inequalities for [M/M]k and [M/Mlk have been derived in Section 5. In 
Section 6 a convergence of [M/M]k and [M/Mlk to xfr (x) is studied. In Section 7 we demonstrate 
continued fraction representations for Pade approximants [M/M]2M-g and [M/M]2M-,. In- 
equalities for [M/M]ZM-~ and [M/M]zM-~ have been derived in Section 8. In Section 9 a mono- 
tonic convergence of [M/M]~M-~ and [M/M]~M-~ to xfi(x) is investigated. General inequalities 
for two- and three-point Pad& approximants [Mn/MnlkcMoj and [Mn/MnlkcM,) to the Stieltjes 
function xfr (x) are established in Section 10. In Sections 11 and 12 illustrative examples are 
provided. We summarize and discuss the results achieved in Section 13. Recurrence formulae for 
finding sequences of two and three-point Pade approximants to power expansions of xfr(x) are 
proposed in Appendices A and B. 
2. Assumptions, definitions and notations 
Let us consider a Stieltjes function xfr (x) defined on -R < x < co by means of the following 
Stieltjes-integral: 
s 1’R dyl(4 xf1(x)=x ~ 0 1 + XU . (2.1) 
The spectrum yr(u) is a real, bounded and non-decreasing function on 0 < ZJ < co. Consider 
a power expansion of xfr(x) at x = 0 
Xfl (x) = f pxn, 
n=l 
(2.2) 
where the coefficients 
l/R 
p = (_I)“+1 
” d-l dyr(u) (2.3) 
Jo 
are real and finite. A series (2.2) has a known radius of convergence R, cf. Eq. (2.1). A power 
expansion of xfr(x) at x = co takes the form 
Xfl(X) = f cpsn, s = l/x. (2.4) 
n=O 
Here the moments 
s l/R ci” = (-1)” u-‘-“dy,(u), n = 0,1,2 ,... (2.5) 0 
are finite for any fixed ~1. Assume that a series (2.4) has a nonzero radius of convergence, in general 
unknown. Diagonal two-point [M/M], and three-point [M/M], Pad& approximants for series 
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(2.2) and (2.4) are defined by the following rational functions: 
261 
alkx + a2kx2 + ‘-- + aMkx ‘44 
[M/Ml, = 1 + blkx + b2kX2 + ... + bMkX”’ 
Consider the power expansions of (2.6a, b) at zero 
[MIMI, = f CnkXn, CM/Ml, = f &kXn, 
II=1 n=l 
(2.6a) 
(2.6b) 
(2.7) 
and infinity 
CM/MI, = f CnkSn, 
n=O 
CM/Ml, = f cnks", s = l/X. (2.8) 
n=O 
Definition 2.1. The rational function (2.6a) is the two-point Pade approximant [M/M], to 
a Stieltjes function (2.1), if 
(I) c,k = &I for n = 1,2, . . . ,p, p=2M-k (2.9) 
and 
Cnk = Cz” for n = 0, 1, . . . , k - 
According to the above definition 
2, C,,- l)k = C:‘-‘, . 0 (2.10) 
[M/M], stands for the one-point Pade approximant. 
Definition 2.2. The rational function (2.6b) is the three-point Pade approximant [M/M], to 
a Stieltjes function (2.1) if 
(l) cnk = cn for n = 1,2,... ,P, p=2M-k, (2.11) 
and 
C,,k = CA:’ for Fl = 0, 1,. . . , k - 2, lim [M/Mlk + - Co, 
X+-R+ 
where R is a radius of convergence of a series (2.2), cf. Eq. (2.1). 0 
(2.12) 
In the above definitions parameters p and k denote the number of available coefficients of the 
power series (2.2) and (2.4), respectively, which uniquely determine the PadC approximants 
[h/l/M], and [M/M],, p + k = 2M. 
(8’d 
(LX) 
(9’S) 
(SC) 
(P’E) 
ur.10~ B saysl cc = x II? (x)‘+‘Jx JO uorsuedxa ayl ‘(94 JO ~unom~ uo uay~ 
‘0 < ($3 ‘,wI)(;3 13 = cxux m 
dq ua@ ST cn = x ~a (x)yx JO uolsmdxa u\? JI 
‘nx+I O 
@)‘+“P X/T s 
x = (x)I+yx 
UopxInJ safqags 1? asp ST (x)‘+CJx uay1 
‘nx+1 O 
@+@ X/T s 
x = (x).Jx 
Cz.91 ~aJoaw+ ‘11 
‘(CO ‘0) pue (0 ‘x -) JO slasqns wdmo3 II! (1-z) uopmy saflla!ls I! 01 @.moJ~un pm ~I~.D~UOJOUOLIJ 
a8laAuO3 (z’z) sa!las lamod 01 “[w/r + w] pm “[m/m] s~umu~xo~dd~ ?pI?d x - < x 103 (E) 
(Z’E) .0<“6 
(I’d 
‘ If I +..*+ 1 + 1 
WZ6x T -“Z/3x - - = ocITIJvl Z6x r6x 
[c-r] s ad64 30 uoyt?yuasaldaJ uopmq panuyuo3 ‘I! sey o[~~/,vy] (I) 
:s.uoyBpsam~ Iay).mj 103 alqesuadsfpur (x) Tjx 01 O[ n/m] 
swmu!xoldd?z aped lu!od-auo 103 s$[nsal wwodury amos 8ugpma~ ilq uoyssnmp mo &II?JS a& 
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Consequently, xfj+ i(x) can be expressed by 
xfj+l(x) = co+% + xfj+z(x), 
where 
(3.9) 
fj+2(x) = ]l’R dyj+2(“) 
0 1 + xu 
(3.10) 
is a Stieltjes function of the type (2.1). Now we are in a position to formulate two important 
remarks: 
Remark 3.1. If xfj(x) is a Stieltjes function 
Xfj(X) = X s ilR dyj(u> = f C$“, 0 l+xu s = l/x, n=O 
then xfj+z(x) is also a Stieltjes function 
Xfj+2(X) = X s 1’R dYj+z(U) 0 l+xu’ 
provided 
.m> = fj(O) 1 + c(j+?x + xfj+2(4 ’ 
c(j+ 1) _ fi(o) 
G 
Remark 3.2. If xfj(x) is a Stieltjes function 
xfj(x) = x 
s 
;iR z = f C+l, s = l/x, 
n=O 
then qj(s) = (l/s) fj(l/s) is also a Stieltjes function 
(3.11) 
(3.12) 
(3.13) 
(3.14) 
x.fj(x> = Vjts) = s m dFj(z) _ R l+sz f C$“, s = l/x, n=O (3.15) 
where parameters U, z and spectra yj(u), fij(u) are interrelated by 
1 r=- 
U’ 
dpj(r) = - r dyj(l/r) . (3.16) 
The fractional transformations (3.6) and (3.13) and equality (3.15) will be used for the 
construction of special continued fraction representations for two- and three-point Pade ap- 
proximants [M/M],, [M/M],, [?v!/M]~,+~ and [M/M] 2M-p to a Stieltjes function xfi (x) 
given by (2.1). 
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4. Continued fraction representations for [M/M], and [M/M], 
Let us apply the fractional transformation (3.13) to xfr (x) k times. Thus we obtain a T-continued 
fraction to xfi(x), cf. [9, 131 
Xflb) = 
XGI 6 xGa- I 
l+xG2+1+xGq+ ... +l+xGz~+~f~~+~(x)’ (4.1) 
Here parameters G, are uniquely determined by k coefficients of a power series (2.2) and k first 
terms of a expansion (2.4). The function xf Zk+ r(x) appearing in (4.1) is a Stieltjes function of type 
(2.1). Now we can construct the S-continued fraction to xf 2k + l(x). By emPloYi% (3.6) to Xf2k + 1 (X) 
(p - k - 1) times we arrive at 
xg2k+ 1 xgZk+ 2 
xhk+l(x)=~+~+ 
XgZM 
**. + 1 + X&+ r(x) * (4.2) 
The substitution of (4.2) into (4.1) leads to the following continued fraction representation for 
CM/W, and CWMIIG 
[M/Ml, = 1 :“:G X&k- I xg2k+ 1 W2M 
2 + .e. + 1 + xGZk + 1 + ... + 1 ’ 
[M/MI,=l;;G +... +lx;;;l +y+ xg2iu xv2M+ 1/R - 
2 2k ***+l+ 1 ’ 
(4.3) 
where according to Definition 2.2 a parameter V,,, 1 satisfies the equation 
l+xG,+ xG, xG2k- I xg2k+ 1 Xg2M xV2~+ t/R = 
1 +xG2-t- 
0 
... + 1 +X&k+ 1 + ... + 1 + 1 
ifx= -R. (4.4) 
The coefficients G,(n = 1,2, . . . ,2k), g2k+ j (j = 1,2, . . . ,2M - 2k) and V2,+ r appearing in (4.3) and 
(4.4) are positive, i.e., 
G,>O, n= 1,2 ,..., 2k; g2k+j>O (j=l,%*..,P-k); vz,+, > 0. 
For further investigation it is convenient to introduce T-fraction operator 
(4.5) 
yTal(.) = xG2n-1 XGZn+l X6-1 (.) - 
~+xG~,,+~+xG~~+~+ ... +l+XGZk+ 1 ’ 
and S-fraction operator 
(4.6) 
(4.7) 
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where n = 1,2, . . . , 2n - 1 < 2k. By employing (4.6) and (4.7) we can rewrite Pade approximants 
(4.3) in the form 
[M/M]k = T:kS%+ ~xl/,,+ I/R. (4.8) 
For convenience we neglected in (4.8) the brackets indicated by definitions (4.6) and (4.7). Now we 
are in a position to investigate properties of two- and three-point Pad& approximants [M/M], and 
[M/M], constructed for xfi (x). These properties ensue directly from restrictions (4.5), a recurrence 
formulae for (4.3) and relation 
lim xfr (x) = - cc 
x-+-R, (4.9) 
being a consequence of a nonzero radius of convergence R of an expansion of xfr(x), cf. (2.2). 
5. Inequalities for [M/M], and [M/M], 
Now we will demonstrate the basic inequalities for unbalanced two-point Pad& approximants 
[M/M], and [M/M],. From Baker’s approach to Stieltjes series with nonzero radius of conver- 
gence [l, p. 2351, it follows that for x > - R 
1 + xGz + xf3(x) 2 0, 1 + xG4 + xfs(x) > 0, . . . . 1 + XGZk + xfzk+l(x) > 0, 
(5.1) 
1 +XfZk+&+‘O, 1 +Xfik+3(X))0,...,1 +XhM+l(X)>O. 
Consequently for x > - R we have 
1 + xGZ + TtkS;p+ 1O 2 0, 1 +xG4+ T,2kS;~+IO>0,...,l +XG2,+S,2,M,1b0, 
1 +s;&‘:,o>o, 1 +s~,M,~o>o,...,l +s,‘$$o>o, 
(5.2) 
1 + xGz + T;kS:kM++l~Y 3 0, 1 + xG4 + T;kS;F+I~Y > 0, . . . . 1 + X&k + s;k”+,lXY > 0, 
1 + s;;l”+,xr > 0, 1 +S$;11+3xY >O,...,l +s;E=,xy >o, 
(5.3) 
Y = T/~M+IIR. 
Now we are in a position to formulate the lemma presenting basic inequalitites for the two-point 
Pad& approximants [M/M], and [M/M],: 
Lemma 5.1. For fixed k (k = 0, 1, . . . , 2M) two- and three-point Padi approximants [M/M], and 
[M/M], to Stieltjes function xfi (x) represented by (2.1)-(2.5) obey the following inequalities: 
(i) if -R<x<Othen 
[M/M], > CM + l/M + Ilk; [M/M], < [M + l/M + 1-h‘. (5.4a, b) 
(ii) ifO<x<cothen 
(-l)k[M/M]k < (-l)k[M + l/M + l]k; (-l)k[M/M]k > (-l)k[M + l/M + l]k. 
(5.5a, b) 
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Proof. Recurrence formula for a continued fraction (4.3), restrictions (4.5), (5.2) and (5.3) lead 
directly to inequalities (5.4) and (5.5). 0 
For R = 0 and k = 0 relations (5.4) and (5.5) reduce to well-known inequalities for one-point 
Padi: approximants [l, Theorem 15.21, while for R = 0 and k = 1,2 to the formulae reported in 
[16, (5.3)]. For R = 0 and k = M the expression (5.7) coincides with relations originally derived by 
GonzBlez-Vera and NjAstad [9, Theorem 2.31. 
6. Uniform and monotone convergence of [M/M], and [M/M], 
In this section we demonstrate lemmas solving the problem of a convergence of [M/M], and 
[M/M], to a Stieltjes function xfi(x), cf. (2.1)-(2.5): 
Lemma 6.1. For ajixed k two-point Pad& approximants [M/M] k constructedfor Stieltjes series (2.2) 
and (2.4) form monotone sequences of bounds (upper, if k is odd; lower, if k is even {only upper}) 
converging un$ormly to a Stieltjesfunction xfi (x) in compact subsets of(0, W) {(-R, 0)}, as M goes to 
in.nity. 
Proof. By substituting (4.2) into (4.1) we obtain 
Xfi (x) = WZt 1Xf2M+ 1c4 3 (6.1) 
where xfZZM+ 1(x) is a Stieltjes function with radius of convergence at least R. Hence on account of 
[l, Theorem 16.21 for m + co the S-continued fraction S$EIyO converges to xf&+ 1(x), i.e., 
;i, SK~O = XL+ Jx), -R<x<co. (6.2) 
Consequently, for M -+ 00 two-point Pad6 approximants T:kS$!+ 1O converge to a Stieltjes 
function xfi(x), cf. (5.3), 
lim [M/M], = xfi(x), k = 0, 1, . . . , -R<x<co. (6.3) 
M-02 
Now from (5.4), (5.5) and (6.3), the monotone and uniform convergence of [M/M], to xfi(x) on 
compact subsets of (-R, 0) and (0, co) follows immediately. 0 
For three-point PadC approximants mMl, we have: 
Lemma 6.2. Three-point Padb approximants [M/M], constructedfor a Stieltjes series (2.2) and (2.4) 
form monotone sequences of bounds (lower, if k is odd; upper, if k is even {only lower}) converging 
uniformly to a Stieltjes function xfi (x) in compact subsets of (0, a) {(-R, O)>, as M goes to infinity. 
Proof. Consider a power expansion of [M/M], at x = 0 
[M/M], = i v:(l)xn + f v;(l)x”, p=2M-k. 
?I=1 n=pfl 
(6.4) 
S. Tokarzewski jJourna1 of Computational and Applied Mathematics 75 (I 996) 259-280 267 
According to the definition of [M/M], we have z&“’ = c:r’ (n = 1,2, . . . ,p). A Stieltjes series (6.4) 
has the radius of convergence R [l, p. 2351. Consequently, 
lim f u~(~)x” = 0, -R<x<O (6.5) 
p-00 n=p+ 1 
and 
lim f: cil)xn + f 
( 
r.$l)x” 
> 
= xf1 (x), -R<x<O. (6.6) 
p-00 II=1 n=p+l 
From (6.4)-(6.6), it follows 
$mm [M/M], = xfl(x), -R < x < 0. (6.7) 
For the case x > 0 it is convenient to apply the following inequalities resulting directly from 
recurrence formula for (4.3): 
(-l)‘[M/M]k d (-l)k[M/M]k < (-l)k[M - l/M - l-,&r. 
Since limM, co [M/M] = xfl(x) we have at once 
;mr [M/M], = xfi (x), x 2 0. 
(6.8) 
(6.9) 
Now from (54b), (5.5b) and (6.7)-(6.9) the monotone and uniform convergence of [M/M], to 
xfl (x) to compact subsets of (-R, 0) and (0, co) follows immediately. ??
The last lemma deals with upper and lower bounds on Stieltjes function (2.1): 
Lemma 6.3. For a jixed M and k the Stieltjes function xfi(x) defined by (2.1)-(2.5) obeys the 
following inequalities: 
(i) if -R<x<Othen 
[M/M], 2 xfi(x) > [M/M],, (62.10) 
(ii) if x 2 0 then 
(-l)k[M/M]k < (- l)kxfl(x) < (- l)k[M/M],. (6.11) 
Proof. Relations (6.10) and (6.11) are direct consequence of Lemmas 6.1 and 6.2. 0 
For k = 0 formulae (6.10) and (611) reduce to relations for one-point Pade approximants 
originally derived by Baker [l, Corollary 17.11: 
[M/M], 2 xfr(x) > CM/MI, if -R < x < 0, (6.12) 
[M/Ml0 < xfr(x) < [M/M], if x 2 0. (6.13) 
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For R = 0 relations (6.10) and (6.11) take a form of the inequalities 
(-l)k[M/M]k(-l)k < (-l)“.xfi(x) d (-l)k[M - l/M - l]k-1, 0 < x < a (6.14) 
reported in [16, (5.3)] for k = 0, 1,2 only. The inequalities (6.10) and (6.11) provide upper and lower 
bounds on the Stieltjes function xfi (x) evaluated from a given radius of convergence R of a power 
series (2.2), p coefficients of a power series (2.2), and k terms of a power expansion (2.4). 
7. Continued fraction representations for [M/M]ZM_p and [M/M]2M-p 
In previous sections convergence properties of Pade approximants [M/M], and [M/M], were 
investigated for fixed k only. In this section, parameter k will relate to M by k(M) = 2M - p, where 
p is the number of given coefficients of a power series (2.2). The starting point for studying of 
[M/MIZMep and [M/MIzMpp is the continued fraction representation of xfi(x) rewritten in the 
form, cf. (4.1), 
Xfl(4 = XGI xG3 x(-b- I 
??
l+xG~+l+xGq+ ... +~+xG~L+x~~~+I(x)’ (7.1) 
Here parameters G, (1,2, . . . , 2~) are uniquely defined by a known p coefficients of a power series 
(2.2) and p first terms of an expansion (2.4). On account of Remark 3.2 a function 
(Pzp+ds) = Xf2p+l (x) is a Stieltjes function with respect to a new variable s = 1 lx. Hence (pzp+ 1(s) 
has a S-continued fraction representation 
d sd 2pi2 sd 2p+3 xs2* + 4 sd2M - - 
q2p+1(s)= ,I+, + 1 + 1 + 1 + a** + 1 + scp,,+Js)’ (7.2) 
By replacing in (7.2): s by l/x, (p2,,+i(s) by ~f~~+r(x) and scp 2M + 1 (s) by .LL + 1 (x) we arrive at 
d 2p+1 d 2p+2 d 2pf3 d 2p+4 
xfip+l(x) =- - - - 
d 2M 
1 + x + 1 + x + ... +x + xf&+1(x)’ (7.3) 
where xf;M+ i(x) is still a Stieltjes function of the type (2.1). Parameters d,(2p + 1,2p + 2, . . . ,2M) 
depend on the coefficients G, (n = 1,2, . . . ,2p) and Cy’ (n = 0, 1, . . . ,2M - p), cf. (7.1) and (2.4), 
respectively. Note that d, differ from the parameters g,, (2k + 1,2k + 2, . . . ,2M) defining a con- 
tinued fraction (4.1). Since a radius of convergence of an expansion of f;M+ 1(x) at x = 0 is at least 
R, it follows from Baker’s approach [l, p. 2351 
0 <AM+ r(x) < I/&,+ i/R, -R<x<co, 
provided parameter V iM + i satisfies: if x = R then 
(7.4) 
1 + xG2 + xG3 xG2p-1 d2p+l d2,+2 d2p+3 d2p+4 
1 +xG4+ ... +l+~Gz~+ 1 + x + 1 + x 
d 2M = 0. 
+ ... +x + xV;M+l/R (7.5) 
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From (7.1)-(7.5) continued fraction representations for [M/M] 2M _p and [M/M] ZM_ p’ follow (cf. 
Definitions 2.1 and 2.2) 
[M/M]2M_-p= xG1 XG3 
xG2p- 1 d 2p+1 d 2p+2 
1+xG2+1+xGq+ ... +l+xGZp+ ... + 1 + x 
&M-l d2M ~ - 
+ + . . . 1 +x’ 
[M/M]2M_p= xG1 XG3 xG2p- 1 
1+xG2+1+xGq+... +l+xGZp 
&M-l d 2M 
+ + . . . 1 +x+xl/;M+l/R’ 
Let us consider the continued fraction (7.6b) 
d 2p+1 d 2pf2 - - 
+ *..+ 1 + x 
sd sd ZM-1 
CM-P/M-do=++?+ ... + 1 T , 
s&M 
- s=l/x. 
I 1 ’ 
(7.6a) 
(7.6b) 
(7.7) 
Here [M - p/M - plo denotes one-point PadC approximants to the Stieltjes function qzp+ 1(s), cf. 
(7.2). On the basis of [2, Theorem 16.21 we immediately arrive at 
qzp+ 1(s) = J$ CM - p/M - plo, -R -c x < ~0. (7.8) + 
From (7.5) and (7.7), if s = - l/R, it follows 
;Frn 
d 
2;+1 + 
sdZp + 2 sd2M . d2,+, sdzp+2 
+l+sd2,+,=$~ 1 
Sd2M - - -_ 
1 + . . . 1 +*** + 1 + sV;M+l 
(7.9) 
Hence 
$irJll d2M+ 1 = lim I/&+1. 
M+m 
(7.10) 
Taking into account (7.2) (7.6), (7.8) and (7.10) we conclude 
&nr [M/M]2M_p = $im [M/M]2M-p = xfl(x), x E (-R,Go), s = l/x. (7.11) 
Two- and three-point Pade approximants [M/M]~M_~ and [M/M]~M_~ to Stiehjes series (2.2) 
and (2.4) converge to a Stieltjes function xfr(x) on -R c x < co, provided R is the radius of 
convergence of a series (2.2). 
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8. Inequalities for [M/M]ZM_p and [M/M]2M-p 
Now we will demonstrate the basic inequalities for two- and three-point Pad6 approximants 
CWMIZM-~ and CWMIZM-~ to xfi(x). From (4.9) and (7.1)-(7.3), inequalities for Stieltjes 
function xfn(x) (n = 1,2, . . . ,2p) and xfl(x) (n = 2p + 1, 2p + 2, . . . ) defined by (7.1)-(7.3): 
(i) if -R<x<Othen 
1 +xG,+x_&(x)>O, 1 +xG,+xf5(~)>0,...,1 +xG~~+x~~~+~(x)>O, 
l+ 
d 2p+2 
x + G-;p+3(4 
>o, l+ 
d 2p+4 d 2M 
x + Ff;,+ 5(4 
<O,...,l + 
x + XfiM+l(X) 
<o. 
(ii) If x > 0 then 
(8.1) 
l+ 
d 2p+2 
>o, l+ 
d 2p+4 >O,...,l + 
d 2M 
x + Ff;p+3w x + Kf;p+5w x + xhh+1(x) 
>o. (8.2) 
Note that coefficients G, and d, appearing in (8.1) and (8.2) are positive: 
G, > 0, n = 1,2, . . . ,2p; d,>O, n=2p+1,2p+2 ,..., 2M. (8.3) 
Now we are in a position to formulate a lemma presenting basic inequalities for Padi: approxi- 
mants [M/M]2M_p and [M/M]2M_p: 
Lemma 8.1. For p = 0, 1, . . . , 2M two- and three-point Pad2 approximants [MIM]~~_~ and 
[MIMI 2M -p to Stieltjes function xfi (x) represented by (2.1)-(2.5) obey the following inequalities: 
(i) if -R<x<Othen 
[M/MIzM-~ > CM + l/M + 112~+2-~, CMIMIZM-~ < CM + l/M + 112,~+2-~. 
(8.4) 
(ii) ifO<x<oothen 
(-1)PCMIM12~-p < (-l)‘Ch/J + l/M + ll2~+2-~, 
(-1)P[M/M12~-p > (-llPCM + l/M + 112~+2-~. (8.5) 
Proof. Recurrence formula for (7.6) jointly with relations (7.Q (7.11) and restriction (8.1)-(8.3) lead 
directly to the inequalities (8.4) and (8.5). 0 
9. Uniform and monotone convergence of [M/M], and [M/M]2M_p 
Relations (8.4) and (8.5) are the starting point for proving the following two lemmas demonstrat- 
ing a monotone and uniform convergence of [M/M]2M_p and [M/M]2M_p to xfi(x): 
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Lemma 9.1. For a$xed p two-point Pad.? approximants [M/MIZM-r constructedfor Stieltjes series 
(2.2) and (2.4)f orm monotone sequences of bounds (upper, ifp is odd; lower, ifp is even {only upper}) 
converging uniformly to a Stieltjesfinction xfi (x) in compact subsets of (0,~) ((-R, O)>, as M goes 
to infinity. 
Lemma 9.2. Three-point Pad6 approximants [M/M] 2M_ r constructed for a Stieltjes series (2.2) and 
(2.4) form monotone sequences of bounds (lower, if p is odd; upper, if p is even {only lower)) converging 
unzformly to a Stieltjes function xfi (x) in compact subsets of (0,oo) {(-R, O)>, as M goes to infinity. 
Proof. Lemmas 9.1 and 9.2 are direct consequences of Lemma 8.1 and relation (7.11). [7 
By, comparing Lemmas 6.1 with 9.1 and 6.2 with 9.2 we conclude that Padt approximants 
CM/MI,, CWMIn--p and CM/ML CMIMIZM--p converge to a Stieltjes function xfi(x) in an 
analogous qualitative manner. 
10. General inequalities for [M/M],,,, and [M/MlkCMJ 
Results obtained in the previous sections allow us to formulate the following fundamental 
inequalities for two- and three-point Pad& approximants [M/MILfM), [M/MlkCM1 to a Stieltjes 
function xfi (x): 
Theorem 10.1. Let k(M,J > 0 (n = 1,2, . . . ) be a monotonic sequence of even or odd numbers 
satisfying the inequality 2(M,,+ 1) - 2(M,,) > k(M,+ I + 1) - k(M,J. Then any sequences of Pade 
approximants CI%$WJ~~M.~ and CMnlMnl~~~,~ to series of Stieltjes (Eqs. (2.2) and (2.4)) obey the 
following inequalities, where xfi(x) given by (2.1) stands for the limit of [M,,/M,JkCM_) and 
CMnIMnlkc~,~, as n goes to infinity: 
(i) if -R<x<O,then 
CMlMnlw,~ > CM~+I/M~+II~~M.+,~, 
CMlMJwm < CM~+I/M,+II~~M.+,~, 
PWMJQM.~ 3 xfi(x) B CWMJI~~M,~. 
(ii) IfO<x<cothen 
(10.1) 
(10.2) 
(10.3) 
(-l)k’M.‘CMnlMnlk(~,) < (-l)k’““[M,+l/M,+llk(M,+,), (10.4) 
(-l)k’M”[Mn/Mnlk(M.) > (-l)k’M”‘[IM,+l/M,+llk(M.+,), (10.5) 
(- l)k’Mn’[M,z/M,,]k(MV) < (- l)k’Mn’xfi(x) > (- l)k’Mn’ [Mn/M,,]k(M,) . (10.6) 
The inequalities (lO.l)-( 10.6) h ave the consequence that Padb approximants [Mn/M,,]kCM.) and 
[M,/M,] k(M.) form the best upper and lower bounds obtainable using only 2M,, - k(M,,) coefhcients 
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and radius of convergence R of a series (2.2), and k(M,) toe ffi cients of a series (2.4), and that the use of 
additional coeficients (higher n) improves the bounds. 
Proof. Theorem 10.1 is a direct consequence of Lemmas 6.1, 6.2, 8.1 and 8.2. 0 
For a particular case M,, = M (n = 1,2, . . . ) the inequalities (lO.l)-(10.6) reduce to: 
(i) if-R<x<O 
[M/M]ww ’ CM + l/M + llk(M+l)> (10.7) 
[M/M]k(M) < CM + l/M + 1Ik(M+l), (10.8) 
CM/MI k(M) 2 Xfi(X) 2 [M/Mlkw. (10.9) 
(ii) IfO<x<cothen 
(- l)k(M)[M/M]k(~j < (-l)k’M’CM + l/M + l]k(M+l), (10.10) 
(- l)k(M)[M/M]k(~) > (-l)k’M’CM + l/M + l]k(M+l), (10.11) 
(- L)k(M) [M/M],(M, 6 (- l)k’M’xfi (x) < (- l)k(M) [M/M]ktMj. (10.12) 
Here k(M) > 0 is a monotonic sequence of even or odd numbers satisfying the inequality 
k(M + 1) - k(M) < 2. Note that the inequalities (10.7)-(10.12) are valid for the particular cases 
k(M)=k,k(M)=2M_pandk=M. 0 
11. Illustrative example 
For illustration of Theorem 10.1 the following Stieltjes function 
.ln 1 + 1000x 
1+x 
will be examined. Hence the power expansions of (11.1) at x = 0 
1 
xfr(x) = p* 
f (- l)“-l(looo” - 1) 
In1000 n=l 
X” 
n 
and x = co 
O” (- l)“(l - 0.001”) 
xf1(x)= l+& c s”, s= l/x 
n-l n 
(11.1) 
(11.2) 
(11.3) 
are the input data for computation of PadC approximants [M/M],, [M/M],, [M/M],,_,, and 
[M/M]ZM_-p to a function (11.1). The radius of convergence of the series (11.2) is R = 0.001. 
Numerical evaluations of [M/M&, [M/M],, [M/M],,+-, and [M/MIZMPP to a Stieltjes 
function (11.1) were carried out by means of recurrence formulae derived in Appendices A and B, cf. 
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Table 1 
Coefficients G, and gn for a continued fractions [8/8& and [8/81k (k = 0, I, 2,3,4) construc- 
ted for the Stieltjes series (11.2) and (11.3) 
k=O k=l k=2 k=3 k=4 
g1 = 144.620 
g2 = 500.500 
g3 = 166.167 
g4 = 334.332 
g5 = 199.003 
g6 = 301.496 
g, = 212.795 
ga = 287.704 
V, = 0.76668 
G1 = 144.620 
Gz = 144.620 
g3 = 355.879 
g4 = 233.693 
g5 = 266.806 
g6 = 249.369 
g, = 251.130 
ga = 255.473 
v, = 0.53045 
G, = 144.620 
Gz = 144.620 
G3 = 355.879 
G4 = 17.8700 
g5 = 215.823 
g6 = 288.898 
g, = 227.277 
gs = 275.540 
V, = 0.51967 
G1 = 144.620 
Gz = 144.620 
G3 = 355.879 
G4 = 17.8700 
G5 = 215.823 
G6 = 38.0042 
g, = 250.893 
ga = 261.705 
V, = 0.53923 
Gr = 144.620 
G2 = 144.620 
G3 = 355.879 
G4 = 17.8700 
Gs = 215.823 
G6 = 38.0042 
G, = 250.893 
Ga = 29.0166 
V, = 0.53895 
1.0. 
0.9 _ Xfl M=ln~[l +1 000x1/(1 +xll/Ll 
0.9 _ 
ll=lnl 000 
z 0.7. 
-, 0.6 _ 
s 0.5 _ 
-tl 0.4 _ - [M/MI~.M=2.3.4,5 
5 * exactvalues 
P 0.3 _ --- [M/Ml;!) M=2,3.4.5 
0.2 _ 
0.1 _ 
0.0 _ x 
1 o-4 1 o-3 10-Z 1 o-1 100 10' 102 
Fig. I. Monotone sequence of two- and three-point Pade approxirnants [M/MIz and [A4/IKJ2 (A4 = I, 2,3,4) forming 
the upper and lower bounds on Stieltjes function ln(1 + 1000x)/(1 + x))/D, D = In 1000 (0.0001 < x < 100). 
(B.l)-(B.4). Table 1 presents coefficients G, and g. for the continued fractions [S/S], and [S/81k 
(k = 0,1,2,3,4) to the function given by (ll.l), cf. (4.3). 
Monotone sequences of upper and lower bounds [M/M& and [h/r/M], (M = 1,2,3,4; k = 2) 
converging to a function (11.1) are depicted in Figs. 1 and 2, while sequences of two- and 
three-point Pade approximants [i14/M]~~_~ and [M/M]2M-p (IU = 1,2,3,4; p = 2) in Figs. 
3 and 4. Numerical results presented in Figs. l-4 confirm the theoretical predictions of Theorem 
10.1. 
12. Example of practical application 
As an example of an application of Theorems 6.1 and 8.1 to real physical problems the effective 
conductivity of a material consisting of regular spaced, equally sized cylinders will be examined 
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0.0 
-0.1 
-0.2 
-0.3 
-0.4 
-0.5 
X -o.6 iii/ ,/ , , , , , , , , , , , , 
-0.0009 -0.0007 -0.0005 -0.0003 -0.0001 
Fig. 2. Monotone sequence of two- and three-point Pade approximants [M/M], and [M/M], (A4 = 1,2,3,4) forming 
the lower and upper bounds on Stieltjes function ln((l + 1000x)/(1 + x))/D, D = In 1000 (-0.001 < x < 0). 
1 .o _ 
0.9 xflCxI=lncu +l000xl/11+x~l/D,~--- 
0.8 cl=lnl 000 _ 
x 0.7. 
$ 0.6 _ 
5 0.5 _ 
; -- 0.4 . * [M/MI~~-~ , M=2,3.4,5 
$ 0.3 . - exactvalues WMIzm-P , M=2,3,4.5 
0.2 _ 
0.1 _ 
0.0 r X 
Lmu IIII,#I I I1111111 I I1111111 I 111111,1 I I1111111 I II81111 I 
10-4 1 o-3 10-Z 10-l 100 10' 102 
Fig. 3. Monotone sequence of two- and three-point Pade approximants [M/M]2M-2 and [M/IWJ~~-~ (A4 = 1,2,3,4) 
forming the upper and lower bounds on Stieltjes function In ((1 + 1000x)/(1 + x))/D, D = In 1000 (0.0001 < x < 100). 
(Fig. 5). To this end we introduce the notations: @ = rcp2 is the volume fraction of inclusions, p the 
radius of the cylinders, AI, A2 are the conductivities of a matrix and inclusions and x = (A2/;ll) - 1. 
The bulk conductivity J.,(x) of a composite is defined by the linear relationship between the 
volume-averaged temperature gradient (VT) and heat flux (J) 
(J) = M4 (VT). (12.1) 
The averaging ( . ) is performed over the unit square cell (Fig. 5). The temeprature field T satisfies: 
(i) the conductivity equation 
V.(l + Xe) VT = 0, (12.2) 
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-0.5 
-0.6 
xfl [xI=ln[Cl +1 OOOx]/Cl +x1)/D 
- [M/MI *M-Z , M=2,3,4,5 
exactvalues 
Fig. 4. Monotone sequence of two- and three-point Padi: approximants [M/M]2M-2 and [M/M]zM-z (M = 1,2,3,4) 
forming the upper and lower bounds on Stieltjes function ln((1 + 1000x)/(1 + x))/D, D = In 1000 (0.001 < x < 0). 
Fig. 5. Unit cell for a square array of cylinders. 
where 8 is the characteristic function for cylinders (8 = 1, if x belongs to the domain occupied by 
cylinders and 13 = 0, if it does not); (ii) the continuity condition 
m.J_ =m.J+, (12.3) 
where m is the unit vector normal to the surface of a cylinder, while J_ and J, denote the heat flux 
J = (1 + x0) VT on the inside and outside of the cylinder surface. 
It is well known in the theory of inhomogeneous media that effective conductivity expressed by 
(A,(x)/&) - 1 is a Stieltjes function of the type (2.1) with R = 1 [4]. Hence Theorem 10.1 can be 
applied directly to power expansions of A,(x)/&. Low order coefficients of the expansion of 
@,(x)/A), - 1 at x = 0 
A,(x)/& - 1 = cll)x + @x2 + 0(x3), c:1) = @, c&l) = - 0.5@(1 - @), (12.4) 
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and at x = o 
A,(x)/& - 1 = ca) + ci”S’ + O(s2), c(l) = rc(d - 1) - 1 0 3 s = l/x, 
C:” = - 2xd(d - l)ln(d), d = Jm, @ = np2, s = l/x. 
(12.5) 
are reported in [4] and [ 151, respectively. The expansion (12.5) is valid for densely packed 
cylinders. For p = 2 and k = 2 Theorem 10.1 provides the following bounds on &(x)/Al: 
(i) if - 1 < x < 0 then 
l+ 
xG1 xG3 &al+ xG1 xG3 xv5 
l+xG,+l+xG, & 1+xG2+1+xGq+ 1 ’ 
(ii) If x > 0 then 
1+ XGI xG3 &<l+ xG1 xG3 xv, 
l+xGz+l+xGq A1 1+xG2+1+xGq+ 1 ’ 
Coefficients G, (n = 1,2,3,4) and V, evaluated with the aid of (B.l)-B.3) are equal to 
G1 = cy), Gz = c\r’/C~“, G3 = ci3’, G4 = c:~‘/C~~‘, 
where 
(3) _ c$$’ + c:1)$) 
Cl - cpc(ll) ' 
c’3’ = _ c:l)c:l) + Cb”Cb” 
0 &O"cb" ' 
v 
5 
= (1 - O.OOlG,)(l - 0.001G4) - 0.001G3 
1 - O.OOIGz 
(12.6) 
(12.7) 
(12.8) 
(12.9) 
(12.10) 
Relations (12.6)-(12.10) determine the bounds on &(x)/Al with respect to a given radius of 
convergence R = 1, p = 2 coefficients of a series (12.4) and k = 2 terms of an expansion (12.5). The 
bounds (12.6)-(12.10) are depicted in Fig. 6. For comparison the exact values of &(x)/A, are also 
presented, cf. [17]. It is worth noting that for @ = 0.78, 0.785, 0.7853 the lower bounds (12.6) and 
(12.7) agree with high accuracy with the exact values of &(x)/Al. 
Fig. 6. Second order bounds [2/2], and [2/212 for the effective conductivity A,(x)/& for a square array of cylinders. 
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13. Summary and conclusions 
By using special continued fractions constructed from the two Stieltjes series developed at zero 
and infinity it has been obtained that: (i) necessary and sufficient conditions Cl, Theorem 16.21 for 
a convergence of one-point Pade approximants [M/M], to a Stieltjes function apply also for two- 
and three-point Pad& ones [M/M],, [M/M],, [M/A4]2M_g and [M/M]ZM_p, (ii) unbalanced 
Pade approximants [M/M],, [M/M],, [M/MIZMpp and [M/M],,_, form in a real domain 
-R < x < GO a monotone sequence of upper and lower bounds converging to a Stieltjes function 
xfi(x) (Lemmas 6.1, 6.2, 9.1 and 9.2), (iii) Pad& approximants [M/M], and [M/M], provide the 
best bounds on a Stieltjes function with respect to a given radius of convergence R, p coefficients of 
a series (2.2) and k terms of an expansion (2.4). 
General recurrence formulae (B.l)-(B.4) for finding upper and lower estimations of Stieltjes 
function in the form of [M/MIkcM) and [M/MIkcMJ from power series (2.2) and (2.4) has been 
derived and tested successfully for correctness (Figs. l-4). 
As an example of practical application, the effective conductivity for a square array of equally- 
sized, highly conducting cylinders has been investigated in terms of second order continued 
fractions bounds [2/2],, [2/212 (Fig. 6). 
Theorem 10.1 applies also to the analysis of mathematically similar quantities like the electrical 
or magnetical conductivities of a two-component composite media. It can also be extended to the 
study of many other effective parameters. 
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Appendix A 
In this appendix we demonstrate systems of equations for finding the coefficients G, 
(n = 1,2,..., 2k), gn (n = 2k + l,...,p + k) and I$,+, for continued fractions [M/M], and 
[M/M], given by (4.3). As before, we assume that p terms of a power series (2.2) and k terms of 
a power expansion (2.4) are available, i.e. 
k-l 
Xfl(4 - c G(l/x)n. 
n=l n=O 
The linear fractional transformation (3.13) applied to (A.l) leads to recurrence equations 
m=2j- 1, G,=cf”‘, G,+, =$, 
0 
j = 1,2 ,..., k, 
(A.11 
(A-2) 
p+l-j 
c p) n _ xGn 
fl=l n x - 1 + xG,+~ + C;ri c;~+~)x”’ 
k-j 
c cimlm)s” = s + G 
n=O m+1 
+ $-I C(?,,+2)S"+1 ) ' = ; 7 
n- n 
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for determination of the coefficients G, (n + 1,2, . . . ,2k) and cizk+r) (n = 1,2, . . . ,p - k) from 
a given input data cil) (n = 1,2, . . . ,p), see (2.2) and (4.1). Now we introduce c;(r) = c:~~+~). Thus we 
can write, cf. (4.1), 
P-k 
xf2k + 1 (x) - 1 c;%n. 
II=1 
(A.3) 
By applying linear transformation (3.6) to (A.3) we arrive at relations for the coefficients g2k+j, 
j= 1,2 , . . ..p - k: 
p-k+l-j 
g2k+j = C;(j), C c;(j)xfl = 
n=l 
(A-4) 
The constants vp +k + 1 are determined by (4.4). Some rearrangements yield 
The formulae (A.2), (A.4) and (AS) allow us to find the parameters G, (n = 1,2,. . . ,2k), 
gn (n = 2k + l,... ,p + k) and V2,+ 1 for continued fractions TfkS$‘k++kIO and T:kS;k++kI~V2,+ rl/R 
V, = 1 - G2R, vj= 
GjR 
1 - RGj+l - I/j+z’ 
j=3,5 ,...,2k- 1, 
(A.5) 
V 92k+jR 2k+i= 1 _ V2k+l+jy j= 1,2 y... ,P -k. 
from the given p coefficients of a power series (2.2) and k coefficients of a power expansion 
(2.4). 
Appendix B 
Now we are in a position to demonstrate the exact algorithms for the determination of G, 
(n = 1,2, . . . ,2k),g,(n=2k+l,..., P+k)andI/,,+,. By solving the equations (A.2) with respect 
to G, (n = 1,2, . . . ,2k) we obtain I j= 1,2,3 ,..., k, m = - 1, 
G, = c\““, G,, 1 = g co” 
2j 0 
( +2) = 1, Cy+2) = G,+l, 
1 $+a = - -& tc;io’ c:m+2cL-l), n= 1,2 ,..., p-j, 
I Ci”‘+2’= -&(Z;=!,C~m'2'Cl_'l), n=O,l,...,k-l-j, Cl .-cl (m+2) ._ (m+2) _ G,+r, @+2) := @+2) _ 1. 
(B.1) 
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Here we introduced a substitution sign := for convenience only. The solution of (A.4) with respect 
to g2k +m (m = 1,2, . . . , p - k) takes a recurrence form 
m = 1,2,... 
li 
,P - k, g2k+m = C;(? 
n = 1,2, . . . ,p-k-mm, 
r(l +m) CQ = 1, 
Simple rearranging of (AS) yields 
(B-2) 
V, = 1 - RG2, T/j+2 = 
Q(l - Gj+lR) - GjR 
vj 
> j=3,5 ,...,2k- 1, 
V 
V 
2k+l+j= 
2k+j - g2k+jR 
V 2kfj ’ 
j = 1,2 ,..., p - k. 
(B.3) 
From coefficients ci” (n + 1,2, . . . ,p) of a power expansion (2.2) and Cl” (n = 0, 1, . . . , k - 1) of 
a power series (2.4) the formulae (B.l)-(B.3) provide the parameters G, (n = 1,2, . . . ,2k), gn 
(n=2k+l,... ,p+k) and V 2M+1 for continued fractions TfkS$:10 and TfkS$~l~V2M+1/R 
forming the bounds on a Stieltjes function (2.1), cf. (7.12) and (7.13). 
The following recurrence formula for T f”S$,=” 1O and T F”S;,=” 1x V,, + 1 /R, 
V,,+, = 0 for T:kS;ttlO, Q”’ = xV2~+1\R, 
XS2M-j 
Q(j+') = 1 + Q(j) 3 j = 0,l ,...,p-k-l, P.4) 
Q(j+ 1) XG2p-2j- 1 XV2A4+ 1 
= 1 + XGzp-zj + Q’j’ ’ 
j = p - k, . . . . p - 1 , Q@) = TfkS;& R ’ 
complete the set of algorithms used for computing the upper and lower bounds on a Stieltjes 
function xfi (x). 
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